In this paper we initiate the oscillation theory for fractional differential equations. Oscillation criteria are obtained for a class of nonlinear fractional differential equations of the form
Introduction
Fractional differential equations (FDE) have gained considerable importance due to their various applications in viscoelasticity, electroanalytical chemistry, control theory, many physical problems, etc, see e.g. [2, 5, 7, 10, 11] . A rigorous theory of FDE has been started quite recently, see for example -the books [4, 9, 11] and to mention only few papers related to ordinary FDE as [3, 6, 8] . Separately, there are many recent works related c 2012 Diogenes Co., Sofia pp. 222-231 , DOI: 10.2478/s13540-012-0016-1 to partial FDE. Differential equations involving the Riemann-Liouville and Caputo differential operators of fractional order 0 < q < 1 appear to be important in modeling several physical phenomena, and therefore deserve an independent study parallel to the well-developed theory of the ordinary differential equations of integer order.
In this paper we initiate the study of the oscillation theory for fractional differential equations by considering equations of the form
where D q a denotes the Riemann-Liouville differential operator of order q with 0 < q ≤ 1. The operator J p a defined by
is called the Rieman-Liouville fractional integral operator. By using the integral operator J 
For more details on the Riemann-Liouville type operators of fractional calculus, see for example [12] .
We assume in this paper that the functions f 1 , f 2 , and v are continuous. It is known that in this case, in fact under much weaker assumptions, the initial value problem (1.1) is equivalent to the Volterra fractional integral equation
(1.2) That is, every solution of (1.2) is also a solution of (1.1) and vice-versa, see [4, Lemma 5.3] .
We only consider those solutions which are continuous and continuable to (a, ∞), and are not identically zero on any half-line (b, ∞) for some b ≥ a. The term "solution" henceforth applies to such solutions of equation (1.1) or (1.2). For an introduction to the theory of fractional differential equations, we refer to [4, 11, 12] . A solution is said to be oscillatory if it has arbitrarily large zeros on (0, ∞); otherwise, it is called nonoscillatory.
Main Results
We will make use of the conditions:
and
where p 1 , p 2 ∈ C([a, ∞), R + ) and β, γ > 0 are real numbers.
We will employ the following lemma [1, Lemma 3.2.1].
Lemma 2.1. For X ≥ 0 and Y > 0, we have
4) where equality holds if and only if X = Y.
Now we may present our first theorem when f 2 = 0.
and lim sup
then every solution of equation (1.1) is oscillatory.
P r o o f. Let x(t) be a nonoscillatory solution of equation (1.1) with
and hence
where and in the proof of the following theorems:
Note that the improper integral on the right is convergent. Taking the limit inferior of both sides of inequality (2.7) as t → ∞, we get a contradiction to condition (2.5). In case x(t) is eventually negative, a similar argument leads to a contradiction with (2.6).
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Next we have the following results. 
8)
where
2) with γ = 1 and β > 1 and t ≥ T , we find
We apply (2.3) in Lemma 2.1 with
to obtain
Using (2.11) in (2.10), we have
The rest of the proof is the same as in that of Theorem 2. 
where 
Now we use (2.4) in Lemma 2.1 with
to get
(t). (2.15)
Using (2.15) in (2.14) then yields
The rest of the proof is the same as in that of Theorem 2.
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Finally we present the following more general result. where 
We may bound the terms (ξx − p 1 x β ) and (p 2 x γ − ξx) by using the inequalities (2.11) (with p 2 = ξ) and (2.15) (with p 1 = ξ) respectively, to get
Remark 2.1. The results obtained for (1.1) are with different nonlinearities and one can observe that the forcing term v is unbounded, and its oscillatory character is inherited by the solutions. 
It suffices to note that the initial value problem (2.18) is equivalent to the Volterra fractional integral equation
(2.19)
We now give an example to show that the condition (2.8) cannot be dropped.
Example 2.1. Consider the Riemann-Liouville fractional differential equation
where 0 < q < 1. Clearly, in the context of (1.1) we have
We see that the conditions (2.1) and (2.2) are satisfied with β = 3, γ = 1 and p 1 (t) = p 2 (t) = e t . But the condition (2.8) is not satisfied, since v(t) ≥ 0 and
Indeed, one can easily verify that x(t) = t is a nonoscillatory solution of (2.20) . Note that the initial condition is satisfied in view of J 1−q 0
Caputo's derivative approach
We may replace the Riemann-Liouville differential operator D q a by the Caputo differential operator c D q a with m − 1 < q ≤ m, which is defined by (see [2, 11] 
Notice that the Caputo differential operator c D q a demands functions to be m times differentiable.
In this case the initial value problem (2.18) should be replaced by
The corresponding Volterra fractional integral equation, see [4, Lemma 6.2] , becomes
2)
The oscillation criteria obtained for the Riemann-Liouville case read almost the same. The only change is the appearance of t 1−m instead of t 1−q in the conditions. This difference becomes more distinctive when m = 1. 
